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A plavsible modei for allosteric proteins was de-
~ seribed by Monod, Wyman and Changeux [13 based
on the posiulate that an oligome:ic protein exists in
two forms in eguilibrium which possess different af-
finities for Yigands. Both forme consist of two or
more identical protomers each having one binding
site for a given ligand; the microscopic dissociation
constani for any one ligand is the same for all ho-
mologons sites in cach of the twe states of the oli-
gomer, the sites being identical and independent of
one ancther.

The possibilities of homotropic and heterotropic
cooperative interactions in the model, aiising solely
from the effects of ligands on the spontaneous equi-

librinra between the two states of the protein, were
demonstrated theoretically by the caicnlation of

saturation functions fo: ligands, and the conditicns
favouring sigmoid funciions were derived. The theory
can be applied directly to haemoglobin, since satn-
ration functions can be determined experimentally.
In principle, saturation functions carn also be deter-
mined direcily for cne :ubstrate of a two-subsiraie
enzyme vy stoichiometric studies. This has been done
for a number of pyridine nucleotide-linked dehydro-
genases, and allows distinction between allosieric
models involyving multiple sites {1. 2] and purely
kinetic models invzlving alternative reaction path-
ways [3, 4]. For most enzymes however the experi-
mental evidence of allosteric behaviour is a sigmoid

1elation between initial rate and subsirate concentra- -

iion. As initial rates are not necessarily simply re-
jated 1o saturation fenctions or dissociation constants

of enzyme-substrate compouads, the extrapolation of .

- the model of Monod et al. o initial rate data for en-
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zymes lacks rigonr. Initial rate equations were not de-
rived, and it ‘was considered that the kinetice of most

enzyme systems would exhibit appreciable demuons
from the theoretical functions. '

It seemed to be of some interest, therefore, to
evaluate this model for an allosteric enzyme in terms
of steady state rates. The kinetic model is shown in
scheme 1 for an enzyme with 4 active centzes 321
molecule. Let L = T/R be the equilibrium consiant
for the two states of the enzyme, &; and 1; be the
microscopic velocity constants for the combination
of substraie at any one binding site of R and T zespec-
tively, k_ 3 and 7_3 be the corresponding micro-
scopic dissociation velocity constants of the com-

pounds, and 42 and /5 be the microscopic velocity
constants for the steps io products. Then the model

requires that the specific rates of the various steps
in the scheme take the siatistical values shown, since
all the sites in each form of the enzyme are assumed
to be identical and independent of cne another. 1t
is also convenient to define “microscopic Michaelis
constants’ of the Briggs-Haldane {5] type for the two
enzyme states by K& = ={k_y+k;)Jky and Kr=
{_y .

The steady state concentrations of the enzyme-
substrate complexes derived in the usual way, in terans

of fyez I and 7 and the rate constanis, are RS, =
R(S/ )4 RS3 AR(SIK? )3 R, = 6R{S/X: )2
{.S/K ) and ?S4 HS/.A?I;)‘} etc. Thes

‘ s'teady state relations are the same as the equilibrium

relations {13 ‘except that “snicroscopic Michaelis -

" .. constants’ zeplace microscopic dissociation constants.
. 'The total concentrations of enzyme and complexes
of the R form is R{i -i-S] )4 and of zhe T farm

'Nprz?!-ﬂbﬂnt;d Fubizs?zing C_'qmp.rm y,—\- .g-;lmsten_iam -
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Scheme 1.

(1 +S/KT y*. Morenver the steady state concentra-
tions of the free forms are found o be in the equili-
brium ratio, T/R = 1, and the total molar concentra-

tion of enzyme, e, is therefore related to that of the
free R form by the corservation eguation:

e= R{(1+S/KRY* + L1 +S/KTY*1.
Finally, the initial velocity in the steady state is
vg = 4P/di = k,{RS+2RS, +3RS; +4KS,)

+ L (TS +2T 85 +3T83+4T5,) @

e[k (S/KE Y1 +S/KE P+ LI,{S/KZ (1 +S/KL )]

(1+S/KR)* + L1 +SKT )

For th:ie general case of 7 sites, and setting /XK =q
and KR /XT =¢,

_nefkyo{l+a@y"1+ Lhac(l +eayr—1}

Yo = .
o : {1 -i-a}" +1(1 +ca)ﬂ

This rate equation is analagous to the saturation
function derived by Monod et al. {1], but dissocia-

- 1ion constants are replaced by Michaelis constants,
ang provision is made for the general case that the
myximum specific rates per site or catalytic activities
of the two enzyme forms, %, and I, are different.

For the special case that ) <&_j and 1, <1_;,s0
“that Michaelis consiants are dissociation constans,
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.and that k,=1, the rate equation can of course be

obtained by multiplying the saturation funcion 1]
by the total concentration of sites, ne, and ihe maxi-
mum specific tate X, [6].

In scheme 1, the transitions RS=7F vic. zrc nag-

Jected; that is, it is ascemed either that the conceried

configurztional change of the protomers requires prior

- dissociation of the substrate, o1 thet the trapsitions

are slow compared with the rates of the other teac-
tions, which is not unlikely {7]. Inclusion of these
paths gives a very complex rate equation. The com-
plete rate equation for a two-substrate enzyme wonild
also be complex, but it can be seen at once ihat fora
compulsory order of combination of the two sub-
strates eq. {1) would Jdescribe the variation of rate

with the leading substrate concentration (5=5,) ﬂ
S, is present in saturwting concentration. Then KR

ko/kq and KT =1L, /I, . For the simple case in whmh
ternary compl°xes are not rate-limiting (Theorell-
Chance mechanism) k5 and 1, would be dissociation
velocity constants for the complexes RS; and 757,
where 5 is the leading substrate in th» raverse reac-
tion [8].

Like the saturation curves, the rate curve: will of
course exhibit the most marked homotropic inter-
actions when KR ant. KT differ greatly, ann, if KT
is the smaller, when.L is large IfKL =KX, cq. (1)
simplifies to

neS{k, T L)1 +L) )
¥g = )
S+ KR

which is of the same 7orm as the Michzelis-Menten
equation. This represcnis a *V system” of Moned et ax
[11: no homotropic or heterotrepic interactions
would be observed, but an effector having Qifferent
affinity for R and 7 would alter the maximum rate,
(k,+L1,)/(1+1), by modifying L, a5 will be shown.
The substrate concentration which gives baii’ the
maximum rate is equal to the Michaelis consiant as
previously defined and would be unchangﬁd by an
eifector.

if alse k5 =1, or if =0, then eq. (2) simylifies to
the Michaelis-Menten equation for a single enzyme

- species with 2 identical and independent aciive

ceatres, of course. :
To account for hetemtmpm ‘nteractions in e

presence of an allosteric effector F, schsme ! must

347



VYoiume i, number §

be extended 1o include species RF, RF,. . . RF, and
RSF, RSF,... . RSF,, ei¢., and the corresponding T

* forms. In spite of the apparent complexity of the full
scheme, the steady state rate equation is easily de-
rived because the assumptiva thai ihe eifecics acls
only by aisplacing the R == 7" eguilibrium, snd does
not Jircctly affect reaciion. it the .ctive centre {11,
mea: thai the same microsuopic velocity constants
for the enzymic reaction wiil apply o all ezyme spe-
cies of one form, regardiess of the bindin: »f F. I fol-
jows that in the steady staie all the complexes will be
in equn.mmm wizh free ligand and that R+RF+. . RFy
=R(1 +F/KF), THIF+. TPy =14 +F/KF),
RSTREF+... RSF, = RS(1 +FJXE), etc., where X3
and K%  are the microscopic dissociaticn constanis for
sffector for the two enzyme forms. it also follows that
the relative steagy staie concentrations of the effector-
free species will be the same as in the absence of effec-
tor. The initial rate equation is found to be identical
with eq. {1} except that L is replaced by

L'=L(3 +F/KF)4/{1 +FiK }4

i ¢ <K . then the effector mn be an activator if
kR <XF and an inhibitor if K& B> K¥. For the simp-
ler case considered in terms of saturation functions
vy Monod et al. {11, in which the subsirate combined
only with the R form, i.e. K;I,; = «, the rate equation

- simplifies to

4ek,S
S+&R [L+(1+S/KR)31/(1 +S/KR ¥

¥p =

Thus the effector would not alter the maximum rate,
4ek,, but L', and therefore the substrate concentra-
tion which gives half the maximurm rate, and also the
substrate homotropic interactions, vsould be in-
creased by the sffestor f KR > KL, and decreased if
Kg- < Kgz. In the Iatter case /7 is an activator, and the
¥y/S plot would approach a rectanguiar hyperbola as
F increases and 1’ becomes smail. These are funda-
 mental properties of the model considered in terms
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of saturation func'hons by Mcnod et al. {1} and need
not be further elaborated here.

The present ireatment shows that the predictions
of the model may be applied o enzyme velocities in
the steady state as well as to saturation functions,
and may provide a basis for the interpretation of zate
data. The only assumptions involved are that the en- -
zyme concentration is small compared with the sub-
strate and effector concentrations, and that allo-
steric fiansitions nf subs;ra:te—conia;mng species are
either forbidden oz slow. -

1t may be added that & >q. (2) with L =1', the
effector may be a proton. It might be expected that
as a resuit of a change in conformation of the oligo-
1ner and of constraints between the proiomers ac-
companying the transition R == T, a change of disso-
ciation constanis of acidic groups in the proiomers
would occur. The transition would then be pH de-
pendent and the proton would act as an effector. The
finding with some enzymes that sigmoid vo/S relations
are observed at some pH values and not at oihers
coutd be explained on the basis of this model, there-
fore. This explanation does not require that the ionis-
ing groups be close to the active centre or involved in
substrate binding or the caialytic step, which are the
usual interpretations of pH effecis on enzyme reac-
tions.
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